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Abstract— The extended min-sum algorithm (EMS) for
decoding non-binary low density parity check (NB-LDPC) codes
reduces the decoding complexity by truncating the message
vector by retaining only the most reliable symbols. However, the
EMS algorithm does not consider that the noise of the received
codeword is gradually reduced as the iteration count goes up. In
this paper, we propose a low-complexity adaptive EMS
algorithm, called threshold-based EMS (TB-EMS). The TB-
EMS algorithm has a simple adaptive rule to calculate the new
message vector length compared to the A-EMS. The proposed
algorithm selects one of two message vector lengths.
Experimental results show that the proposed algorithm reduces
the decoding complexity with minimal performance
degradation compared with the EMS algorithm. Further, the
decoding performance of the TB-EMS is better than A-EMS.
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l. INTRODUCTION

Non-binary low density parity check (NB-LDPC) codes
over Galois field GF(q) (g>2) can provide a better error
correction performance than binary LDPC codes, but the
decoding complexity is significantly increased [1], [2]. For
example, in the case of g-ary sum product algorithm (QSPA),
which is one of the decoding algorithms, the computational
complexity of a check node update operation is O(g?) [3].
Various types for low complexity decoding algorithms have
been proposed [4], [5], [6], [7]. Among them, to reduce the
complexity, the extended min-sum algorithm (EMS) retains
only the most reliable ny, (<qg) symbols among q symbols of
the message vector [7]. As a result, the computational
complexity of the check node update process is greatly
reduced to O(Nm?).

During the decoding process, as the number of iterations
increases, the noise level of the received codeword is
gradually reduced, and the message vector length can be
decreasing accordingly. To take advantage of this
characteristics, adaptive EMS algorithms that vary the number
of retained messages are proposed [8], [9], [10].

In [8], an adaptive EMS algorithm called A-EMS on a
codeword basis was proposed. To reduce the decoding
complexity, the effective message vector length is calculated
by check node error rate (CNER), which represents the

reliability of check nodes. The A-EMS algorithm calculates
the truncation size as follows.

nek = A+Cx(ACNER)? (1)

na* represents the adaptive message vector length to be
used in the (k+1)" iteration and A is the least message vector
length. C and ACNER are predetermined parameters, and the
k is the number of iterations. However, calculating the new
message vector length at every iteration incurs additional
computational complexity because it involves computing a
square and a multiplication.

In [9], another adaptive algorithm called two-length EMS
(TL-EMS) on a message basis was proposed. It uses the
reliability difference between the most and the second most
reliable symbols among incoming messages from variable
nodes when updating the check node. It selects the effective
message vector length from the two predetermined message
vector lengths. Also, when updating a variable node, they
follow their own adaptive rules to truncate the message vector
coming from each check node. However, the process of
calculating the message vector length for each input node
requires additional operations when updating the check node
and variable node.

In this paper, we propose a low-complexity adaptive EMS
algorithm. The TB-EMS algorithm has a simple adaptive rule
than A-EMS algorithm. The proposed algorithm selects one
of the two predetermined effective message vector lengths by
comparing the CNER with the check node error rate threshold
(CNERy). The CNERy, is determined based on the error
correction capability. Unlike A-EMS, the proposed algorithm
employs only the two message vector lengths, one of which
will be selected based a simple comparison instead of some
complex operation. Experimental results show that the
proposed algorithm reduces the decoding complexity with
minimal performance degradation compared with the EMS
algorithm.

Il.  BACKGROUNDS

A. Non-binary Low Density Parity Check Codes

NB-LDPC codes are defined by an MxN sparse parity
check matrix H [11], [12] where M is the parity symbol length,
and (N-M) is the information symbol length. The code rate R
is (N-M)/N. The H matrix can be represented by a Tanner



graph, which is a bipartite graph consisting of two node sets
[13]. There are N variable nodes and M check nodes in the
Tanner graph. If element h;; of the H matrix has a non-zero
value, the i check node (i € {1, 2, 3, ..., M}) and the j®
variable node (j € {1, 2, 3, ..., N}) in the corresponding
Tanner graph are connected to each other. Each element h;;
has a value out of g symbols. The number of check nodes
connected with a variable node is called dy, and the number of
variable nodes neighboring a check node is called d.. When dy
and d. have fixed values, such codes are called (dy, dc) regular
NB-LDPC codes.

B. Extended Min-Sum Algorithm

Algorithm 1 describes the decoding steps of the EMS
algorithm. Here are some notations used in Algorithm 1.

= vj: the j variable node and ci: the i" check node

= U;i(a): vj to ci message associated to symbol a.

= V;ij(a): ci to v; message associated to a.

= H(i): set of variable nodes connected to ci.

= H,(j): set of check nodes connected to vi;.

= Rj(a): a priori information of v; associated to a.

= RP*Y(a): a posteriori information of v; associated to a.

= L(i): set of symbols satisfying ci’s parity check equation (2).

ZjEHC(i) hija; =0 (2

where a; means a symbol sent from v; to ci.
= L(i|aj=a): subset of L(i) when g;= a.

Algorithm 1. Decoding steps of EMS algorithm
Illpllt: Rj(a), kmax

Initialization:
Set Uj_i(a) = Rj(a) and k= 0.
Iteration:
Check node update:
V;j(@) = min () [ Ujr i(a;)]
o e\
e(ila; = a) ¢

Va_riable node update:
Uji(a) = Rj(@) + Zien,gim Vi (@)
Uji(a) = U;;(a) — U;;(0)

Post processing:
R}DDSt(a) = Rj(a) + Vi j(@)

i"€Hy(j)

Tentative decision:
Z; = arg{minaeg,:(q)Rf"St(a)}
Syndrome check
(if syndrome S = Zx HT = 0, return Z)
if k = kimax, decoding failure.
k = k+1, move to the check node update

Output: Z;

The EMS decoding algorithm largely consists of five steps:

Initialization, Check node update, Variable node update,
Post processing and Tentative decision as shown in
Algorithm 1. All operations are based on the message vector

of each node. The message vector used in the update process
is composed of a reliability measure corresponding to the
symbol. The measure of reliability is expressed as a log
likelihood ratio (LLR) which is computed as (3).

P(y; = Ox)
P(y; = alx;)
where X denotes the j™ symbol of the transmitted

codeword, and y; denotes the j" symbol of the received
codeword. The variable node is initialized using Rj(a).

R;(a) = log ,a € GF(q) 3)

I1l.  PROPOSED ALGORITHM

A. Decoding Process

The proposed algorithm is a low-complexity adaptive
EMS algorithm called threshold-based EMS (TB-EMS) that
selects the message vector length for the next decoding
process by comparing the CNER value with a predetermined
threshold value denoted by CNER.

The CNER values reveal a consistent tendency that is
proportional to bit error rate (BER) [8]. Therefore, we may use
the CNER value for adjusting the message vector length. The
CNER can be calculated as shown in (4).

# of unsatisfied check nodes
CNER = (4)
# of all check nodes

The CNER value in (4) represents the ratio of the number
of unsatisfied check nodes among all check nodes, where the
unsatisfied check node means a check node whose syndrome
check is failed. The syndrome check is performed with the
most reliable symbols of each check node output.
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Figure 1. Decoding flow of the proposed algorithm

The flowchart of the proposed algorithm is shown in Fig.1.
First, in Step 1, the proposed algorithm initializes the message
truncation size to nn. In Step 2, the decoding process of the
EMS algorithm is performed at every iteration. After the k™
iteration, the CNER value is calculated using (4) in Step 3. In
Step 4, CNERy and CNERy are compared. When CNERy is
smaller than CNER:, a smaller message size is used for the
next decoding process. The truncation rule of the proposed
algorithm is as follows.



>
k= {”m (CNERy = CNERy, ) where (ng <n,)  (5)

& T lns (CNER, < CNER,)

Unlike the A-EMS algorithm, the proposed algorithm
employs only the two message vector lengths, one of which
will be selected by a simple comparison operation as in (5).

B. Determine the CNER

In the proposed low-complexity decoding algorithm,
determining CNER, appropriately is very crucial to achieve a
good frame error rate (FER) performance. With respect to
various combinations of the two vector lengths, we measure
the FER performance and the average message size with
respect to various CNER values to determine the best CNERw
as shown in Fig. 2.
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Figure 2. The FER and the ratio of n over various CNERs for (2, 12)
regular NB-LDPC codes over GF(64) with SNR=2.5.

Fig. 2 shows the FER performance and the ratio of ng
according to various CNER values. The ratio of ns represents
the ratio of the ns value as the vector length between the two
truncation sizes (nm, ns) where n, > ns. Since the truncation
size affects the decoding complexity, the ratio of ns indicates
the reduction amount of the decoding complexity. With a low
CNERy, the FER performance increases but the ratio of ns
decreases in our experiments. If the CNERy value goes below
0.1, the FER performance remains almost the same but the
ratio of ns decreases. Therefore, we set CNERy to 0.1 to
maintain the FER performance while reducing the decoding
complexity.

IV. EXPERIMENTAL RESULTS

We have implemented EMS, A-EMS, and the proposed
TB-EMS algorithms to compare the FER performance and the
average message size for transmissions over the binary phase
shift keying (BPSK) modulation and the additive white
gaussian noise (AWGN) channel. The maximum number of

decoding iterations is set to 15, and 100,000 frames were
examined to obtain the FER at each SNR for testing the
decoding performance.

A. Frame Error Rate

The FER performances with (2, 4) regular NB-LDPC
codes over GF(64) are shown in Fig. 3. The FER performance
degradation of TB-EMS is less than 0.1dB compared with
EMS using the same nn. However, the FER performance of
TB-EMS is better than that of A-EMS when ns is equal to A in
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Figure 3. The FER performances of EMS, A-EMS, and TB-EMS for (2,
4) regular NB-LDPC codes.
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Figure 4. The FER performances of EMS, A-EMS, and TB-EMS for (2,
12) regular NB-LDPC codes.



The proposed TB-EMS algorithm shows better FER
performances with higher code rates. The FER performances
of the three algorithms with (2, 12) regular NB-LDPC codes
over GF(64) are described in Fig. 4. The FER performance of
TB-EMS with message vector length (nm, ns) is almost the
same to that of EMS. And the FER performance degradation
of TB-EMS is less than 0.15dB when compared with that of
A-EMS.

B. Average Message Size
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Average message size of EMS, A-EMS, and TB-EMS for (2, 4)
regular NB-LDPC codes.
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Figure 6. Average message size of EMS, A-EMS, and TB-EMS for (2,
12) regular NB-LDPC codes.

Next, the comparison results of the average message size
of the three algorithms with (2, 4) regular NB-LDPC codes
over GF(64) are shown in Fig. 5. The average message size of
TB-EMS is bigger than that of A-EMS, but the FER
performance is at least 0.3dB better as shown in Fig.3 when ns
is equal to A. The difference of the average message size
between TB-EMS and A-EMS is less than 3.

The average message size of the three algorithms with (2,
12) regular NB-LDPC codes over GF(64) are shown in Fig. 6.
When the code rate goes high, the smaller message vector
length ns of TB-EMS may be decreased leading to a smaller
average size as shown in Fig. 6. We compare TB-EMS with
the two message vector lengths (6, 3) and A-EMS with A=3.
The average message size of TB-EMS is less than that of A-
EMS by 4 when the SNR is less than 4.0. If the SNR goes
higher, the average message size of TB-EMS slightly higher
than A-EMS.

V. CONCLUSION

In this paper, a low-complexity adaptive EMS algorithm
for NB-LDPC codes called threshold-based EMS (TB-EMS)
is proposed. The proposed algorithm selects one of the two
candidate message vector lengths by comparing the check
node error rate (CNER) with a predetermined threshold value
called CNERy. The message truncation rule of the proposed
TB-EMS is simpler than that of a CNER-based adaptive EMS
algorithm called A-EMS. Experimental results show the
frame error rate (FER) performance of TB-EMS is almost the
same as that of the EMS algorithm while the decoding
complexity is significantly low. The advantage is more
pronounced when the SNR or the code rate goes high. The
average message size is used as a metric to measure the
effective decoding complexity. The average message size of
TB-EMS algorithm is slightly bigger than that of A-EMS.
However, the FER performance of TB-EMS is better than that
of A-EMS by more than 0.5dB when code rate is 0.5 or higher.

Since the proposed method is tested on BPSK modulation,
further experiments on other modulations are required to
verify whether the proposed method is suitable or not.
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